Let K be a number field and Kur be the maximal extension of K that is unramified at all places. In the previous article [3] , the first author found three real quadratic fields K such that Gal(Kur/K) is finite and nonabelian simple under the assumption of the GRH(Generalized Riemann Hypothesis). In this article, we will identify more quadratic number fields K such that Gal(Kur/K) is a finite nonsolvable group and also explicitly calculate their Galois groups under the assumption of the Generalized Riemann Hypothesis.
Introduction
This is a continuation of [3] . Let K be a number field and K ur be the maximal extension of K that is unramified at all places. In [14] , Yamamura showed that K ur = K l , where K denotes an imaginary quadratic field with absolute discriminant value |d K | ≤ 420, and K l is the top of the class field tower of K and also computed Gal(K ur /K). Hence, we can find examples of abelian or solvableétale fundamental groups. It is then natural to wonder whether we can find examples with the property that Gal(K ur /K) is a finite nonsolvable group. In the previous article [3] , we present three explicit examples that provide an affirmative answer.
In this article, we will identify two more quadratic number fields K such that Gal(K ur /K) is a finite nonsolvable group and also explicitly calculate their Galois groups under the GRH. Under the assumption of GRH, we will show that Gal(K ur /K) is isomorphic to a finite nonsolvable group when K = Q( √ 22268) (Theorem 4.1) and when K = Q( √ −1567) (Theorem 5.1). In particular, to the best of the authors' knowledge, K = Q( √ −1567) is the first example of an imaginary quadratic field which has a nonsolvable unramified extension and for which Gal(K ur /K) is explicitly calculated.
Tools used for the proof : To identify certain unramified extensions with nonsolvable Galois groups, we use the database of number fields created by Jürgen Klüners and Gunter Malle [4] . To exclude further unramified extensions, we use a wide variety of tools, including class field theory, Odlyzko's discriminant bounds, results about low degree number fields with small discriminants, and various group-theoretical results. In particular, the group-theoretical arguments are far more involved than in the previous paper [3] .
Preliminaries 2.1 The action of Galois groups on class groups
If A is a finite abelian p-group, then A ≃ ⊕Z/p ai Z for some integers a i . Let n a = number of i with a i = a, r a = number of i with a i ≥ a.
Then
and, more generally,
The action of Galois groups on class groups can often be used to obtain useful information on the structure of lass groups. We review the following lemma, often called p-rank theorem.
Lemma 2.1. (Theorem 10.8 of [12] ) Let L/K be a cyclic of degree n. Let p be a prime, p ∤ n and assume that all fields E with K E L satisfy p ∤ Cl(E). Let A be the p-Sylow subgroup of the ideal class group of L, and let f be the order of p mod n. Then r a ≡ n a ≡ 0 mod f for all a, where r a and n a are as above. In particular, if p|Cl(L) then the p-rank of A is at least f and p f |Cl(L). 
A remark on the class field tower

Root discriminant
Let K be a number field. We define the root discriminant of K to be |d K | 1/nK , where n K is [K : Q]. Given a tower of number fields L/K/F , we have the following equality for the ideals of F :
where d L/F denotes the relative discriminant (see Corollary 2.10 of [7] ). Set F = Q. It follows from (2.1) that, if L is an extension of K, |d K | 1/nK ≤ |d L | 1/nL , with equality if and only if d L/K = 1, i.e., L/K is unramified at all finite places.
Discriminant bounds
In this section, we describe how the discriminant bound is used to determine that a field has no nonsolvable unramified extensions.
Crucial proposition
Consider the following proposition, in which K ur is the maximal extension of K that is unramified over all primes. [14] ) Let B(n K , r 1 , r 2 ) be the lower bound for the root discriminant of K of degree n K with signature (r 1 , r 2 ).
Proposition 2.3. (Proposition 1 of
If the GRH is assumed, much better bounds can be obtained. The lower bounds for number fields are stated in Martinet's expository paper [6] . Table III of [6] Table III of [6] describes the following. If K is an algebraic number field with r 1 real and 2r 2 complex conjugate fields, and d K denotes the absolute value of the discriminant of K, then, for any b, we have
Description of
where A, B, and E are given in the table, and
where the outer sum is taken over all prime ideals of K, N is the norm from K to Q, and
in the GRH case, where the even function G(x) is given by
The values of A and B are lower estimates; the values of E have been rounded up from their true values, which are
in the GRH case.
Some group theory
In this section, we recall some facts from group theory.
Schur multipliers and central extensions
Definition 3.1. The Schur multiplier is the second homology group H 2 (G, Z) of a group G.
Definition 3.2.
A stem extension of a group G is an extension
where
0 is a subgroup of the intersection of the center of G 0 and the derived subgroup of G 0 .
If the group G is finite and one considers only stem extensions, then there is a largest size for such a group G 0 , and for every G 0 of that size the subgroup H is isomorphic to the Schur multiplier of G. Moreover, if the finite group G is perfect as well, then G 0 is unique up to isomorphism and is itself perfect. Such G 0 are often called universal perfect central extensions of G, or covering groups. Proof. By definition, if the extension is not a stem extension, then H ⊆ G ′ 0 , and thus G 0 /G ′ 0 is a non-trivial abelian quotient. Lemma 3.4. The Schur multiplier of A n is C 2 for n = 5 or n > 7 and it is C 6 for n = 6 or 7.
Proof. See 2.7 of [13] Lemma 3.5. The Schur multiplier of 48 , product of cyclic groups of order 3, 4, 4) and
Proof. See 3.3 of [13] .
Group extensions of groups with trivial centers
Let H and F be groups, with G a group extension of H by F :
Then, it is well known that F acts on H by conjugation, and this action induces a group homomorphism ψ G : F → Out H, which depends only on G.
Lemma 3.6. ((7.11) of [10] ) Suppose that H has trivial center (Z(H) = {1}). Then, the structure of G is uniquely determined by the homomorphism ψ G . For any group homomorphism ψ from F to Out H, there exists an extension G of H by F such that ψ G = ψ. Moreover, the isomorphism class of G is uniquely determined by ψ. (In particular, the class of F × H is determined by ψ with ψ(F ) = 1.) All of the extensions are realized as a subgroup U of the direct product F × Aut H satisfying the two conditions U ∩ Aut H = Inn H and π(U ) = F , where π is the projection from F × Aut H to F .
Prerequisites on
The following lemma is well-known.
Lemma 3.7. Let n ≥ 2, q be a prime power, and let
Proof. This follows immediately from Schur's lemma.
Lemma 3.8. Let n ≥ 2, q be a prime power and let U ≤ GL n (F q ) be cyclic, of order coprime to q. Assume that U acts irreducibly on
Proof. This follows from [2, Hilfssatz II.3.11]. Namely, setting G := C GLn(Fq) , the centralizer of U in GL n (F q ), that theorem states that G is isomorphic to GL 1 (F q n ), and thus in particular cyclic of order q n − 1.
An important special case of the previous lemma is the following: ii) The centralizer of a subgroup of order p in GL n (F q ) is cyclic, of order q n − 1.
Proof. Let U < GL n (F q ) be any subgroup isomorphic to C p . From Maschke's theorem, it follows immediately that U acts irreducibly on (F n ) q . From Lemma 3.8, the centralizer of U in GL n (F q ) is then cyclic, of order q n − 1. Finally, every such U is the unique subgroup of order p of some p-Sylow subgroup of GL n (F q ) (note that, by assumption, the p-Sylow subgroups are of order dividing q n − 1, and then in fact cyclic, since GL 1 (F q n ) ≤ GL n (F q ) is cyclic). Therefore all such subgroups U are conjugate in GL n (F q ), proving the uniqueness in i).
In the following sections, we collect some results about more specific linear groups. Proof. Let S be non-abelian simple. Then it is known that S contains a noncyclic abelian subgroup (see e.g. [5, Corollary 6.6]), and therefore even some subgroup C r × C r for some prime r. On the other hand, as a direct consequence of Schur's lemma, any subgroup C r × C r of GL 2 (F p ) must intersect the center of GL 2 (F p ) non-trivially.
1 Since S has trivial center, it follows that S cannot be contained in GL 2 (F p ).
Structure of GL
This article uses the structure of GL 4 (F 2 ). Thus, we recall several structural properties of this group. Proof. This is a special case of Lemma 3.9, with q = 2 and n = 4.
We also make use of the structure of GL 4 (F 3 ) in this article. So we recall several structural properties of this group. We proved the following lemmas, partially aided by the computer program Magma.
Lemma 3.14. GL 4 (F 3 ) contains a unique conjugacy class of subgroups isomorphic to
Proof. By computer calculation, we can check that GL 4 (F 3 ) has four conjugacy classes of subgroups of order 120. They are We use Magma to check that Lemma 3.15.
Proof. A 5 × V 4 contains an abelian subgroup isomorphic to C 10 × C 2 . As a special case of Lemma 3.9 (with q = 3, n = 4), the centralizer of a cyclic group of order 5 in GL 4 (F 3 ) is cyclic, of order 3 4 − 1 = 80. Now of course, if GL 4 (F 3 ) contained a subgroup isomorphic to C 10 ×C 2 , then the centralizer of a respective subgroup of order 5 would be non-cyclic. This ends the proof. Proof. This again follows directly from Lemma 3.9, with q = 3 and n = 4.
We will also use the structures of GL 3 (F 5 ). 5
Lemma 3.17. GL 3 (F 5 ) contains a unique conjugacy class of subgroups isomorphic to
Proof. By computer calculation, we can check that GL 4 (F 3 ) has four conjugacy classes of subgroups of order 120. They are is the only the conjugacy class of subgroup of order 120 which is isomorphic to A 5 × C 2 .
Proof. By Lemma 3.10, any subgroup A 5 ≤ GL 3 (F 5 ) has to act irreducibly. Since A 5 × V 4 has non-cyclic center, the claim now follows immediately from Lemma 3.7.
Structures of GL
Proof. The group P SL 2 (F 8 ) = SL 2 (F 8 ) contains cyclic subgroups of order
However, GL 5 (F 2 ) does not contain any such subgroups. Indeed, since 9 is a prime power, Maschke's theorem implies that the existence of such a cyclic subgroup would enforce the existence of an irreducible cyclic subgroup of order 9 in some GL d (F 2 ) with d ≤ 5. Then 2 d − 1 would have to be divisible by 9, which is not the case for any such d. This concludes the proof.
Lemma 3.20. GL 6 (F 2 ) contains a unique conjugacy class of subgroups isomorphic to P SL 2 (F 8 ).
, the existence follows immediately from the well-known fact that GL n·d (F q ) contains subgroups isomorphic to GL n (F q d ). The uniqueness can once again be verified with Magma.
Proof. By Maschke's theorem (and using the proof of Lemma 3.19), any cyclic subgroup of order 9 in GL 6 (F 2 ) has to act irreducibly. By Lemma 3.8, the centralizer of such a subgroup is then cyclic of order 2 6 − 1 = 63. However, the centralizer of an order-9 subgroup in P SL 2 (F 8 ) × C 2 is of course of even order. This concludes the proof.
Let K be the real quadratic number field Q( √ 22268). We determine the Galois group of the maximal unramified extension of K.
The class number of K is 2, i.e., Cl(K) ≃ C 2 . Let K 1 be the Hilbert class field of K. Then K 1 can be written as Q( √ 76, √ 293). By computer calculation, we know that the class group of K 1 is trivial, i.e., K 1 has no nontrivial solvable unramified extensions.
An unramified
) and let L be the splitting field of
a totally real polynomial with discriminant 19 2 · 293 2 . We can also find the polynomial (4.1) from the database of [4] and check that the discriminant of a root field of the polynimial(4.1) is also 19 2 · 293 2 . Then, L is an A 5 -extension over Q which is only ramified at 19 and 293. The factorizations of the above polynomial modulo 19 and 293 are
Thus, 19 and 293 are the only primes ramified in this field with ramification index 2. By Abhyankar's lemma, LK 1 /K 1 is unramified at all primes, and 2, 19, and 293 are the only primes ramified in LK 1 /Q with ramification index 2 (note that 22268 = 4 · 19 · 293). Since A 5 is a nonabelian simple group,
To prove Theorem 4.1, it suffices to show that M possesses no non-trivial unramified extensions. Since M/K is unramified, the root discriminant of 
Proof. Since A 5 is simple, it suffices to exclude the case that the action of
Assume that this extension is not a stem extension. In this case, Gal(T ′ /K 1 ) has a non-trivial abelian quotient by Proposition 3.3. Since T ′ /K 1 is unramified, this contradicts the fact that K 1 has class number 1. So the extension is a stem extension, whence Lemma 3.4 yields Gal(
Proof. We now treat the remaining cases one by one.
2-class group of M
With the above notation, suppose that Gal(
. Let E ⊂ L be a root field of the polynomial (4.1) and N be the compositum of E and K 1 , i.e., N = EK 1 . Then E can be defined by the composite of three polynomials: We also know that Gal(M/N ) is isomorphic to D 5 . 
simultaneously. Therefore, it is natural to examine how Gal(
4 , where T ′′ /LK is the maximal elementary abelian 2-subextension of T ′ /LK. By the maximality of T ′′ , T ′′ is also Galois over Q and Gal(T ′′ /K) is an extension of A 5 by (C 2 )
4 . By restriction, this A 5 -actions on (C 2 ) 4 comes from the Gal(M/K)-actions on Gal(T ′ /M ) mentioned above. Since Gal(T ′ /K 1 ) does not have any abelian quotient, Gal(T ′′ /K) also has no abelian quotients, i.e.,
, and there exists some S/LK/K such that SK 1 = T ′ and Gal(S/K) ≃ (C 2 ) 4 ⋊ A 5 . In a similar manner, we can prove that there exists some S ′ /L/Q such that
is an unramified extension. Therefore, the only ramified primes in S ′ /L/Q are 2, 19, and 293 with ramification index 2. Since 19 and 293 are already ramified in L/Q, the only ramified prime in S ′ /L is 2.
Unramifiedness of S ′ /L
Suppose that 2 is ramified in S ′ /L. The ramification index of 2 should then be 2. Letp (resp. p) be a prime ideal in S ′ (resp. L) satisfyingp|2 (resp. p|2). The factorization of the polynomial (4.1) modulo 2 is
2 , i.e., the proper subgroup of (C 2 ) 4 . Hence,
. This contradicts the statement that there is no proper subgroup of (C 2 ) 4 that is invariant under the action of (12345) (see Lemma 3.13). Thus, S ′ /L should be unramified at all places. In conclusion, S ′ /Q is a (C 2 ) 4 ⋊ A 5 -extension of Q that has ramification index 2 at only 19 and 293. Let us now consider the root discriminant of S ′ . Since S ′ /L is unramified at all places, [6] ). This contradicts the definition of the lower bound for the root discriminant. Thus, the 2-class group of M is trivial.
3-class group of M
Suppose that T /M is an unramified C 3 -extension. Then, as seen above, T ′ is unramified over M and Gal(
4 . Therefore, it is natural to examine how Gal(M/Q) acts on Gal(T ′ /M ) ≃ (C 3 ) 4 . By Lemma 3.14 and Lemma 3.15, we know that there are three possibilities of the actions of Gal(M/Q) on
. Each action is induced by the following three group homomorphisms ψ :
By Lemma 4.2, Gal(M/K 1 ) acts faithfully on Gal(T ′ /M ). Therefore, ψ cannot be trivial.
ψ(A
Since 19 and 293 are already ramified in L/Q, the only ramified prime in S/L is 2. If 2 is ramified in S/L, its ramification index should be 2. But it is impossible, because the degree of [S : L] is odd. Thus S/L is unramified over all places. By a similar argument as in 4.2.1.2, we can check that this contradicts the definition of the lower bound for the root discriminant.
5 × V 4 ) ≃ A 5 × C 2
First of all, let us see the intermediate fields in
. We had already show that the factorization of the polynomial (4.1) modulo 2 is
. This contradicts the statement that there is no proper subgroup of (C 3 )
4 that is invariant under the action of (12345) (See Lemma 3.16). In conclusion, Gal(Sp/L( √ 76) p ′ ) is trivial. Thus, for a number field S/Q, e 2 = 2 and f 2 = 5 where e 2 is the ramification index of 2 and f 2 is the inertia degree for 2. Let us recall the function (2.3)
Since every term of f is greater than or equal to 0, the following holds for the number field S.
where theq j denote the prime ideals of S satisfyingq j |2. Since f 2 = 5, N (q j ) = 2 5 for all j. 
We easily know that 19 and 293 are the only ramified primes in S ′′ /Q. By a similar argument as in section 4.2.2.1, we can check that this contradicts the definition of the lower bound for the root discriminant.
In conclusion, the 3-class group of M is trivial.
5-class group of
3 . Therefore, it is natural to examine how Gal(M/Q) acts on Gal(T ′ /M ) ≃ (C 5 ) 3 . By Lemma 3.17 and Lemma 3.18, we know that there are three possibilities of the actions of Gal(M/Q) on Gal(T ′ /M ). Each action is induced by the following three group homomorphisms ψ :
By a similar argument as in section 4.2.2, we just need to think about the case ψ(
, we know that L can also be defined as the splitting field of following polynomial, corresponding to an imprimitive degree-12 action of A 5 :
Let E ⊂ L be a root field of the polynomial (4.9). We know that the discriminant
N By Abhyankar's lemma, we easily know that L( √ 76)/N is unramified. Using a computer calculation, we can check that N is a root field of the following polynomial:
By the calculation of sage, we can check that the class group of N is equal to C 10 , i.e., 5-class group of N is C 5 and Hilbert 5-class field of N is L(
is not trivial. This contradicts Lemma 2.2.
Suppose that Gal(M/LK) acts trivially on Gal(T ′ /M ). Define N ′ as the compositum of E and K. Then N can be defined by the following polynomial:
By a computer calculation with Magma, we can check, assuming GRH, that the class group of N is equal to C 10 , i.e., the 5-class group of N is C 5 and the Hilbert 5-class field of N is LK. By the same argument as above, we obtain a contradiction.
3 , and such that 19 and 293 are the only ramified primes in S ′′ /Q. By a similar argument as in section 4.2.2.1, we can check that this contradicts the lower bound for the root discriminant.
In conclusion, 5-class group of M is also trivial under the assumption of the GRH. We have therefore obtained: Suppose that M admits an unramified A 5 -extension F . Because [K ur : M ] < 134, F is the unique unramified A 5 -extension of M , i.e., F is Galois over Q. It is well known that A 5 is isomorphic to PSL 2 (F 5 ) and S 5 is isomorphic to PGL 2 (F 5 ). By Lemma 3.6, Gal(F/K 1 ) ≃ A 5 × A 5 , i.e., K 1 admits another A 5 -unramified extension F 1 .
(Note that F 1 is also Galois over Q, or otherwise K 1 would have further unramified A 5 -extensions, contradicting Odlyzko's bound.) Then, by Lemma 3.6, there are only two possibilities for Gal(F 1 /K): A 5 × C 2 or S 5 .
Case 1 -
By a similar argument in the above, K admits an
This implies that there exists an A 5 -extension F 3 /Q with all ramification indices ≤ 2 and unramified outside of {2, 19, 293}. Assume first that 19 is unramified in F 3 /Q. Let E be a quintic subfield of F 3 /Q. Then, by a well-known result of Dedekind, we get the upper bound |d E | ≤ 2 6 · 293 2 < 5.5 · 10 6 for the discriminant of E. However, from Table 2 in [8, Section 4.1] no extension with this discriminant bound and ramification restrictions exists. We may therefore assume that 19 is ramified in F 3 /Q. Since its inertia group is generated by a double transposition in A 5 , the inertia degree of 19 in the extension F 2 /Q (with Galois group A 5 × C 2 ) is at most 2. The same holds for the inertia degree of 19 in the extension L/Q, and therefore eventually also in the compositum LF 2 /Q.
Let us recall the function (2.3)
Since every term of f is greater than or equal to 0, the following holds for the number field LF 2 . By the unramifiedness of F 2 /K, and since the only involutions of S 5 not contained in A 5 are the transpositions, a quintic subfield E of F 2 must have the discriminant 22268. However, such a quintic number field does not exist, from [8] . This is a contradiction.
Case 2 -
By Lemma 3.6, Gal(F 1 /Q) ≃ S 5 ×C 2 . Consequently, F 1 is the compositum of K and an S 5 -extension F 2 of Q. Furthermore, F 2 /Q has a quadratic subextension contained in K 1 , but linearly disjoint from K. Therefore it is either Q( √ 293) or Q( √ 76). Consider now a quintic subfield E of F 2 /Q. Of course, E/Q is unramified outside {2, 19, 293}. Furthermore, all non-trivial inertia subgroups are generated either by transpositions or by double transpositions. Finally, the inertia subgroups at those primes which ramify in the quadratic subfield of F 2 /Q are generated by transpositions. By a similar argument as in §4.2.4.2, we then get one of the following two upper bounds for the discriminant of E:
. Such a quintic number field does not exist, from [8, Section 4.1]. This is a contradiction.
In conclusion, M admits no unramified A 5 -extensions, i.e., we have that Gal(K ur /K 1 ) ∼ = A 5 under the assumption that the GRH holds. This concludes the proof of Theorem 4.1.
Until now, we dealt with real quadratic fields. In this section, we will give the first case of an imaginary quadratic field. Let K be the imaginary quadratic number field Q( √ −1567). We show the following: We can then check with Magma that the class number of K 1 is 1, under GRH.
An unramified PSL
) and let L be the splitting field of 6 is the only elementary-abelian group in the relevant range which allows a non-trivial PSL 2 (F 8 )-action.
We deal with the remaining case below.
2-class group of M
Suppose that M has an unramified C 2 -extension T and let T ′ be its normal closure over Q. As shown above, T ′ is unramified over M and Gal(T ′ /M ) is isomorphic to (C 2 ) 6 .
Q Letp (resp. p) be a prime ideal in L ′ (resp. L) satisfyingp|2 (resp. p|2). 
By Lemma 3.20, there is a unique class of subgroups PSL 2 (F 8 ) inside GL 6 (F 2 ). The cyclic subgroups of order 7 in these subgroups act fixed-point-freely on (C 2 ) 6 (in fact, the vector space decomposes into a direct sum of two irreducible modules of dimension 3 under their action). Therefore, the corresponding group extension of C 7 by (C 2 ) 6 has trivial center, and in particular contains no element of order 14. Thus, Gal(L ′ p /L p ) is trivial, i.e., p splits completely in L ′ .
Define S to be the compositum L ′ K. Since −1567 ≡ 1 modulo 8, 2 splits completely in K. Then, for the number field S/Q, we have that f 2 = 7, where f 2 is the inertia degree of 2. Let us recall the function (2.3) again.
log N (q j ) N (q j ) i/2 F (log N (q j ) i ), (5.4) where theq j denote the prime ideals of S satisfyingq j |2. Since f 2 = 7, N (q j ) = 2 7 for all j. Since S/K is unramified, |d S | 1/nS = |d K | 1/nK = √ 1567 = 39.5853..... This is a contradiction. Therefore, the 2-class group of M is trivial. In conclusion, the class number of M is one. This implies that there exists an A 5 -extension F 1 /Q with ramification index 2 at 1567, and unramified at all other finite primes. However, from the tables in [1] no such extensions exists. This is a contradiction.
Case 2 -Gal(F/Q) ≃ S 5
By the unramifiedness of F/K, a quintic subfield E of F must have the discriminant −1567. However the minimal negative discriminant of quintic fields with Galois group S 5 is −4511 ([8, Table 3 ]. This is a contradiction.
Therefore, we know that K ur = M under the assumption of the GRH. This concludes the proof of Theorem 5.1.
